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Abstract.
Starting from the stationary cylindrically symmetric solution, but with the
coordinates z and φ interchanged, and supposing that it could describe the vacuum
spacetime of a translating cylinder, we investigate its physical and geometrical
properties. This hypothesis is not entirely new since it has already been considered
in a previous paper describing a translating source. We show that this metric is
geometrically related to the vacuum field produced by a stationary rotating cylindrical
source, known as Lewis solution. However, we find new physical properties, different
from those of the Lewis vacuum solution. Moreover, we show that no translating
cylindrical dust solution can exist in General Relativity.
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1. Introduction
In the context of general relativity, cylindrically symmetric spacetimes have aroused
great interest since they allow to study a wide range of physical systems, some of them
exhibiting intrinsic symmetry related characteristics (see e.g. [1] and references there
in).
For instance, the difference between the Newtonian and Einsteinian gravitational
viewpoints fully emerges in this context. Even in the simple case describing the
vacuum field exterior to an infinite static cylinder of matter, the Levi-Civita solution
[2], this difference is obvious. In its general relativistic form, this solution contains
two independent parameters [3, 4, 5, 6], one describing the Newtonian energy per unit
length of the source, and the other related to the angle defect, at variance with its
Newtonian counterpart only exhibiting the first parameter. The importance of the
second one emerges from its global topological meaning since it cannot be removed by
scale transformations [3, 7, 8]. It produces a gravitational analog to the Aharanov-Bohm
effect which allows a (Newtonian) non observable quantity (the additional constant
potential to the Newtonian potential) to become observable in the relativistic theory
through angular deficit strings [7, 8, 9, 10, 11, 12, 13].
However, the first independent parameter, understood as the Newtonian mass
per unit length for small matter densities, revealed as the most elusive regarding
its interpretation for higher mass densities. At these densities there are a number
of obstacles and apparent contradictory properties, allowing for different possible
interpretations (see a discussion in [3, 5, 14].
Linet [15] and Tian [16] presented the generalization of the Levi-Civita spacetime
to include the cosmological constant Λ. It has been shown that the presence of the
cosmological constant modifies drastically spacetime [1, 16, 17, 18, 19, 20, 21], as for
instance its conformal properties.
The introduction of stationarity into a cylindrically symmetric spacetime was
performed by Lewis [22], obtaining new independent parameters. Furthermore, it
has been shown that rotation gives rise to two families of spacetimes, one with a flat
Minkowski spacetime limit and the other without [23, 24, 25, 26]. Later on, Krasinski
[27] and Santos [28] introduced the cosmological constant to these spacetimes.
The field equations of the time dependent vacuum spacetime with cylindrical
symmetry have been obtained by Einstein and Rosen [29]. They describe the exterior
spacetime to a collapsing cylindrical source [30, 31].
All these spacetimes have been widely studied through their geometrical properties,
their limits, their particle geodesics and sources. The results, some of them so weird as
so far still lacking interpretations (like the relationship between the Levi-Civita, Gamma
and Schwarzschild metrics [32, 33]), can be found in the articles here cited.
Now, the cylindrically symmetric translating source has not, to our knowledge, been
studied in the literature excepted for one paper by Griffiths and Santos [34] studying
rotation and translation of cylinders in General Relativity. Starting from the initial
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hypothesis that the considered metric describes the field of cylinders in translation,
it is shown there that, for an infinitely rigidly translating cylinder of perfect fluid
with a regular axis, there exists a translating frame of reference relative to which the
gravitational field is static. In spite of the fact that this result concurs, as its authors
state, with na¨ıve Newtonian intuition, it was still needed to be established in General
Relativity. On the other hand, if the source exhibits a non rigid, corresponding to a non
zero shear, translation, we can ask if there is an external field where translation can be
transformed away.
In spite of the vacuum spacetime of a translating non zero shear motion source
having a similar metric form to a vacuum stationary metric produced by a rotating
source through interchanging its angular and axial coordinates, the geometrical and
physical properties are quite different. As proved in [34] shear free translating sources
can be transformed, by using an appropriate frame, into a globally static field. However,
a shear free rotating source cannot have its rotation transformed globally away to a static
spacetime. This difference lies in the fact that rotation produces a centrifugal force
that can withstand the gravitational attraction. Furthermore, for rotation, there are
pressureless sources which means dust sources, while, for translation, pressure is needed
to forbid the collapse of the source, as demonstrated here, in appendix A. Hence, these
facts show that translation should produce some quite different results as compared to
its rotation counterpart with interchanged angular and axial coordinates.
It is worth noticing that the geometrical similarity between rotation and translation
in a cylindrical system reminds the properties of the Go¨del spacetime [35], in the sense
that two distinct sources could imply similar geometries. There, the spacetime can be
interpreted as produced by an energy momentum tensor describing either a perfect fluid
or merely dust with a cosmological constant, both sources exhibiting rigid rotation. It
has also been demonstrated [36] that the Go¨del metric can be matched to an exterior
one described by the stationary cylindrical Lewis vacuum spacetime with a cosmological
constant [28]. Further properties of the matching of these two spacetimes have been
obtained by [37].
In the next section, we present that one which could represent the vacuum field
solution for such a translating source. In section 3, we show, through the study of
its static limit and of its geodesics, that its physical properties do not reduce to those
proceeding from a mere exchange of axial and azimuthal coordinates and in section 4,
we demonstrate that no translating cylindrical dust solution can exist. Section 5 is
devoted to our conclusions.
2. Translation and the Lewis metric
The most general metric for cylindrically symmetric spacetimes [41], is given by
ds2 = e2kdt2 − e2hdx2 −
W 2
[
f (dy + w1dz + w2dx)
2 + f−1 (dz + w3dx)
2] , (1)
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where k, h, W, f , w1, w2 and w3 are all functions of t and x only. In particular, if we
assume that w1 = w2 = 0, it is easy to see that (1) reduces to
ds2 = e2kdt2 − e2hdx2 −W 2fdφ2 +W 2f−1 (dz + w3dx)2 . (2)
Note that in writing the above expression, we had made the replacement (y, z)→ (φ, z).
Now, we consider a general transformation given by
t = f(t′, r),
x = g(t′, r), (3)
where f(t′, r) and g(t′, r) are arbitrary functions of their indicated arguments. If we
impose that these new metric components, g′ij, must obey (∂g
′
ij/∂t
′) = 0 in order to
obtain a stationary spacetime (eliminating the undesirable cross terms and renaming t′
to t), then it is possible to put (1) into the form
ds2 = −A(ρ)dt2 +B(ρ)(dρ2 + dφ2) + 2k(ρ)dtdz + C(ρ)dz2, (4)
since f(t, r) = f(r) and g(t, r) = g(t). We can note that A(ρ), B(ρ), C(ρ) and k(ρ) can
be given in terms of the Lewis parameters a, b, c, and n as follow
A(ρ) = aρ−n+1 − c
2
n2a
ρn+1, (5)
B(ρ) = ρ(n
2
−1)/2, (6)
C(ρ) = − ab2ρ−n+1 +
(
1
a
± 2bc
na
+
b2c2
n2a
)
ρn+1, (7)
k(ρ) = − abρ−n+1 +
(
± c
na
+
bc2
n2a
)
ρn+1. (8)
We number the coordinates (t, r, z, φ) as (0, 1, 2, 3) and the ranges of the coordinates
are t ≥ 0, r ≥ 0, −∞ < z < +∞ and 0 ≤ φ ≤ 2pi, in order to represent cylindrical
symmetry, as shown in the following Section.
Although this solution is mathematically identical to Lewis’, even exhibiting the
Weyl and Lewis classes, the same is not true concerning their physical and geometrical
interpretations. In this work, we investigate the possibility for metric (4), equivalently
metric (1), to describe vacuum spacetimes for translating cylinders, as supposed by
Griffiths and Santos [34]. While these authors analysed the properties of a translating
cylinder of matter, we study here the behaviour of a test particle in vacuum through
its geodesic motions. We use different coordinates from those in [34] in order to have a
more direct analogy with the Lewis solution.
3. Physical Analysis
3.1. The Levi-Civita limit
The static Levi-Civita spacetime can be recovered for k(ρ) = 0, i.e., b = c = 0. We thus
denote n = 1− 4σ. The static version of metric (4) can now be written
ds2 = −aρ4σdt2 + αρ4σ(2σ−1)(dρ2 + dφ2) + 1
a
ρ2(1−2σ)dz2, (9)
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to be compared to the Levi-Civita metric written as [36]
ds2 = −ρ4σdt2 + ρ4σ(2σ−1)
(
dρ2 +
1
am
dm2
)
+
1
an
ρ2(1−2σ)dn2. (10)
According to [36], if we consider 1/2 < σ <∞, then we can interpret m as the angular
coordinate φ, and n (not to be mistaken for our own above relabelled integration constant
n) as an axial coordinate z. This means that the parameter range 1/2 < σ < ∞ is
equivalent to the 0 < σ < 1/2 range with the z and φ coordinates switching their
nature. For the former range, the Levi-Civita metric reads
ds2 = −ρ4σdt2 + ρ4σ(2σ−1)
(
dρ2 +
1
am
dφ2
)
+
1
an
ρ2(1−2σ)dz2. (11)
3.2. Geodesic equations
In the absence of knowledge of theoretical models for cylindrically symmetrical sources
with translational motion, the geodetic motion of a test particle can be an important
tool to analyse the effects generated by these sources in the external vacuum space.
Considering metric (4), the geodesic equations are
t¨+
(
A′C + kk′
D2
t˙ +
kC ′ − Ck′
D2
z˙
)
ρ˙ = 0, (12)
ρ¨+
A′
2B
t˙2 − k
′
B
t˙z˙ +
B′
2B
ρ˙2 − C
′
2B
z˙2 − B
′
2B
φ˙2 = 0, (13)
z¨ +
(
Ak′ −A′k
D2
t˙+
AC ′ + kk′
D2
z˙
)
ρ˙ = 0, (14)
φ¨+
B′
B
ρ˙φ˙ = 0, (15)
where the dot denotes differentiation with respect to τ .
Here we can highlight some similarities with the geodesics in the Lewis spacetime.
For example, if we restrict the motion of a test particle to a fixed radius, ρ0, ρ˙ = 0,
ρ¨ = 0, then, (12), (14) and (15) give t¨ = 0, z¨ = 0 and φ¨ = 0, implying that it can not
experiment any acceleration also in the z or φ directions. Particularly (15), which can
be rewritten as
φ¨ =
4σ(1− 2σ)
ρ
ρ˙φ˙, (16)
says that the accelerated circular motion exists only if ρ˙ 6= 0, since σ 6= 0 and σ 6= 1/2.
This behaviour is similar to that observed in the Lewis spacetime, but for the z direction.
There, it was interpreted as a force which tends ”to damp any motion along the z axis
whenever the particle approaches that axis, and reverses this tendency, in the opposite
case” [38]. Here it represents the angular acceleration in a spiraled motion in the plane
orthogonal to the axis.
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3.3. Geodesics with ρ˙ = 0
If we restrict the motion of a test particle to a fixed radius, ρ0, ρ˙ = 0, ρ¨ = 0 then, (12),
(14) and (15) give us t¨ = 0, z¨ = 0 and φ¨ = 0, as was pointed out before, implying that
it can not experiment any acceleration also in the z or φ directions, which are results
similar as that found for the Lewis spacetime. The remaining equation, (13), gives
ω2 −
[
1
B′
(
A′ − C ′vz2 − 2k′vz
)]
ρ=ρ0
= 0, (17)
where ω = φ∗ = φ˙/t˙ and vz = z˙/t˙, for a fixed ρ = ρ0, and the symbol ∗ means
differentiation with respect to t.
3.3.1. Circular geodesics For circular geodesics we have the additional condition
z˙ = 0⇒ vz = 0. (18)
Then, (17) gives
ω2 =
(
A′
B′
)
ρ=ρ0
= − 2ρ
−(n2−3)/2
0
an2
(
a2n2
n + 1
ρ−n0 +
c2
n− 1ρ
n
0
)
=
1
a
[
ρ0
8σ(1−σ)a2
2σ − 1 +
ρ0
2(1−4σ2)c2
2(1− 4σ)2σ
]
, (19)
We can notice that this equation is independent of the parameter b, at variance
with what we have in the Lewis spacetime. Moreover, we must have σ 6= 0 and σ 6= 1
4
and σ 6= 1
2
in order to avoid the divergence of ω2.
Assuming c = 0, we get
ω2 =
a
2σ − 1ρ0
8(1−σ)σ , (20)
and we see, therefore, that the expression for the circular geodesic above coincides with
the corresponding one for the Levi-Civita metric (z and φ interchanged and σ > 1/2),
noting that in the present work ”a” is equivalent to ”a2” and ρ = (rΣ)1/Σ in reference
[39]. Besides, comparing (19) with (58) in [38], the circular geodesic in Lewis spacetime
for b = 0, we note that there the additional term introduced by the rotation of the
spacetime is independent of ρ, while here the equivalent term depends on ρ0. Figures 1
and 2 show that for c = 0 circular geodesics exist only for the interval σ > 1/2, similarly
to Levi-Civita geodesics (when z and φ are interchanged), while for |c| 6= 0 there are
intervals where it is possible to have circular geodesics even for 0 < σ < 1/2. The
bigger c, the larger the range of allowed σ. Therefore, a non-zero c parameter implies,
regardless of b, well-defined circular geodesics for the σ < 1/2 range.
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Figure 1. Plot of ω2 ≡
(
dφ
dt
)2
assuming that ρ0 = 1, c = 0.1 (dashed line), c = 1
(dotted line), c = 2 (solid line), a = 1.
Figure 2. Plot of ω2 ≡
(
dφ
dt
)2
assuming that ρ0 = 1, c = 0, a = 1.
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Assuming ω = 0 and c 6= 0, we can check if there is any condition which allows the
existence of a resting test particle. In this case we have
ρrest =
[
n2a2(1− n)
c2(n+ 1)
]1/(2n)
=
[
2(1− 4σ)2a2σ
c2(1− 2σ)
]1/[2(1−4σ)]
. (21)
This equation shows, since σ 6= 1/2, that a test particle can be at rest at some finite
radius ρrest . Here we can suggest that there is an intrinsic motion of spacetime which
drags the particle along in such a way that it appears to be at rest. Given a combination
of the parameters a, σ and c, only one ρ = ρ0 would allow such a situation.
If c = 0, see (20), the test particle will be at rest only at the axis, for 1/2 < σ < 1,
and at an infinite radius, for σ > 1.
3.3.2. z-direction geodesics Now we restrict the motions to the z direction. Then on
the relation (17) we must impose φ˙ = 0⇒ ω = 0, which gives
vz =
(
−k′ ±
√
k′2 + A′C ′
C ′
)
ρ=ρ0
. (22)
The expression above is very extensive in terms of the four parameter. We will
therefore explore its characteristics in some important limits. Thus, similarly to what
was done for the circular geodesics, we can ask here if it is possible to find a test particle
at rest at any fixed ρ = ρrest and, as expected, we find the same answer that is
ρrest =
[
n2a2(1− n)
c2(n+ 1)
]1/(2n)
=
[
2(1− 4σ)2a2σ
c2(1− 2σ)
]1/[2(1−4σ)]
, (23)
Note that even in the static limit (coming back to (22) and putting b = 0 and
c = 0), that is,
vz = ± a
ρ0n
√
1− n
1 + n
= ±aρ0(4σ−1)
√
2σ
1− 2σ , (24)
we can find a test particle moving in the z-direction with a fixed ρ = ρ0, which would be
a very disconcerting result. But note that it might be possible only for σ < 1/2, interval
that is prohibited for the corresponding Levi-Civita solution (z and φ interchanged).
Now considering c = 0 and b 6= 0, we have
vz =
a
[
ab(1 − n)± ρ0n
√
1− n2]
a2b2(n− 1) + ρ02n(n + 1)
=
a
[
2abσ ± ρ0(1−4σ)
√
2σ(1− 2σ)
]
ρ02(1−4σ)(1− 2σ)− 2a2b2σ , (25)
which gives a complex vz for any σ > 1/2, but a real value if 0 ≤ σ < 1/2.
On the other hand, for b = 0 and c 6= 0, we have
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vz = ± c
n
± a
√
1− n2
(1 + n)ρ0n
= ± c
(1− 4σ) ±
a
√
2σ(1− 2σ)
ρ0(1−4σ)(1− 2σ) , (26)
and, as in the previous case, we have a complex vz for any σ > 1/2, but a real value if
0 ≤ σ < 1/2. Similarly to what has been observed in the case of circular geodesics, we
see that the presence of the c parameter, and now also of the b parameter, allows the
existence of well-defined geodesics in the z direction for models with σ < 1/2. Again,
we can propose the dragging hypothesis to justify this behaviour of the test particle.
3.4. Radial geodesic
As another example of the new physical properties of the solution presented here, we will
now consider the radial motion of a test particle in the corresponding spacetime, that is,
a radial motion in a plane orthogonal to the symmetry axis implying φ˙ = φ¨ = z˙ = z¨ = 0.
Inserted into the geodesic equation (14), this gives
Ak′ − A′k
D2
t˙ρ˙ = ±2c
ρ
t˙ρ˙ = 0. (27)
The above equation possesses three solutions:
• Ak′ − A′k = 0, hence, c = 0, without any restriction on the radial movement of
the test particle. Since the geodesic equations, when c = 0 and z˙ = φ˙ = 0, do
not depend on the parameter b, it is reasonable for a particle to follow a radial
trajectory, as in the static limit of Levi-Civita.
• ρ˙ = 0, which implies ρ = constant = ρ0 = ρrest and from (13),
ρ0 = ρrest =
[
n2a2(1− n)
c2(n+ 1)
]1/(2n)
=
[
2(1− 4σ)2a2σ
c2(1− 2σ)
]1/[2(1−4σ)]
. (28)
This result reinforces the possibility that a test particle can remain at rest, at the
same fixed radius ρ0 as that exhibited in (21). Note that it is a non-zero c constant
that prevents any motion of the test particle in the radial direction, either towards
or away from the axis. Therefore, if there is a dragging effect on the particle, it
must be closely associated with this parameter.
• t˙ = 0, hence t = constant, preventing any motion of the test particle.
In the study conducted in this section we identified the existence of geodesics along
the z-direction, as well as resting geodesics, and we can suppose that a frame dragging
could occur here as was previewed by Griffiths and Santos [34]. This hypothesis, which
we propose, will have to be verified in the future through the junction of the vacuum,
here considered, with a cylindrical source in translation.
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4. Translating cylindrical dust solution
Here we are interested in verifying whether the spacetime described by metric (4) admits
a dust solution or not. This issue is very important as a mean to distinguish between
rotating or translating spacetimes, since only in the former we expect the presence of
(centrifugal) forces able to balance matter contraction, allowing the existence of such
solutions. The solution for a rigidly rotating dust was obtained by van Stockum [40].
From now on, as a suitable tool, we consider metric (4) written in the form used by
Griffiths and Santos [34]. It is easy to see that they are equivalent. Then,
ds2 = −A(dt− hdz)2 + dρ2 + Cdz2 +Dρ2dφ2, (29)
and the field equations for dust µ are
A′′
A
− A
′
2A
(
A′
A
− 2
ρ
− C
′
C
− D
′
D
)
+
A
C
h′
2
= κµ(1 + 2ACv2), (30)
h′′ +
h′
2
(
3
A′
A
+
2
ρ
− C
′
C
+
D′
D
)
= 2κµCv
√
1 + ACv2, (31)
C ′′
C
+
C ′
2C
(
A′
A
+
2
ρ
− C
′
C
+
D′
D
)
− A
C
h′
2
= −κµ(1 + 2ACv2), (32)
D′′
D
+
D′
2D
(
A′
A
+
4
ρ
+
C ′
C
− D
′
D
)
+
1
ρ
(
A′
A
+
C ′
C
)
= −κµ, (33)
A′C ′
AC
+
(
A′
A
+
C ′
C
)(
D′
D
+
2
ρ
)
+
A
C
h′
2
= 0. (34)
Adding (30) and (32) we obtain
A′′
A
+
C ′′
C
+
1
ρ
(
A′
A
+
C ′
C
)
+
A′C ′
AC
+
1
2
D′
D
(
A′
A
+
C ′
C
)
− 1
2
[(
A′
A
)2
+
(
C ′
C
)2]
= 0, (35)
which after integration produces
(AC)′2Dρ2 = c1AC, (36)
where the integration constant c1 = 0 because of regularity conditions along the axis
ρ = 0. Hence (AC)′ = 0 and AC = 1 as a consequence of the same regularity conditions.
Substituting these expressions into (34) one obtains
h = 1− 1
A
. (37)
Now substituting (35) and (37) into (30) and (31) we see that there is no v that
satisfy both equations. Hence there is no cylindrical translating dust solution in General
Relativity.
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5. Conclusions
This paper studies some physical and geometrical properties of the vacuum solution
(4) for a cylindrical source supposedly in translation along its axis of symmetry.
Mathematically, this solution is akin to the Lewis solution for a cylindrically symmetric
vacuum spacetime with exchanged z and φ coordinates. However, we have shown that
they are physically different.
If the source has rigid translation, with vanishing shear, it reduces to the static
Levi-Civita spacetime [34]. In our case 1/2 < σ < ∞, and thus, 1/σ, and not σ as in
the Lewis solution, is the Newtonian mass per unit length.
However, if the source is non rigidly translating, with non vanishing shear, then the
integration constants do not vanish in general with b and c describing the non rigidity
and the topological defects due to the non rigid cylindrically translating source.
As regards test particle motion in our case, well-defined circular, z-direction and
radial geodesics exist for σ ranges closely related to the value of the c-parameter, possibly
including 0 < σ < 1/2. Moreover, we have shown that, for a given combination of
non-zero a, c and σ parameters, a test particle can appear at rest with respect to the
coordinate frame here defined. We have suggested that it might be the intrinsic motion
of spacetime which drags the particle along in such a way that it appears to be thus at
rest.
Finally, we have shown that no translating cylindrical dust solution can exist in the
framework of General Relativity, reinforcing our hypothesis of translation.
Sources producing the vacuum field (4) will be studied elsewhere.
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